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Fractal Models for the Effective Thermal
Conductivity of Bidispersed Porous Media

Boming Yu¤ and Ping Cheng†

Hong Kong University of Science and Technology, Clear Water Bay,
Kowloon, Hong Kong, People’s Republic of China

Two fractal models for determination of the effective thermal conductivity of bidispersed porous media are
developed based on the fractal theory and electrical analogy technique. The theoretical predictions from the
proposed fractal thermal conductivitymodelsare compared with those from the previous lumped-parametermodel
and from experimental data. The results from the proposed fractal models are shown to be in good agreement with
both the lumped-parameter model and the experimental data.

Nomenclature
A = area of the cross section of a representativecell
a = size or diameter
D f = fractal dimension
DT = tortuosity fractal dimension
d = characteristicdiameter of a cluster
d0 = the minimum diameter of a particle
k = thermal conductivity
L = length scale
L t = total length due to tortuosity
L0 = representative length
N = number
R = resistance
r = radium of a cluster
V = volume fraction
¯ = ratio of thermal conductivity,ks =k f

°a = ratio of geometrical length scale for a cluster,
lc=ac, see Fig. 2a

° 0
a = ratio of geometrical length scale for a cluster,

ac=¸, see Fig. 2a
°a1 = ratio of geometrical length scale for a particle,

l=a, see Fig. 2b
° 0

a1 = ratio of geometrical length scale for a particle,
a=¸, see Fig. 2b

°c = ratio of contact length scale for a cluster,
cc=lc, see Fig. 2a

°c1 = ratio of contact length scale for a particle,
c=l , see Fig. 2b

¸ = diameter
Á = averaged porosity of a bidispersed porous medium

Subscripts

c = clusters
e = effective
f = � uid
max = maximum
mc = mixed chains of particles or clusters with � uid
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min = minimum
n = nontouchingparticles or clusters
s = solid
t = total
1 = particle

Superscript

C = dimensionless

I. Introduction

T HE effective thermal conductivities of porous media, such as
packed beds, granularmaterials, � brous composites,dispersed

spheres, and so on, have receivedmuch attention1¡8 in the past three
decadesdue to their importancein engineeringproblems.It is known
that heat conduction through saturated porous media strongly de-
pends on the thermal conductivitiesof the solid and the � uid phase,
the shape and distribution of the solid phase, as well as the size
of the contact areas between solid particles. To analyze the ther-
mal conductivityof a porous medium, it is usually assumed that the
mediumhas a periodicstructure,and a unit cell or representativecell
is often chosen for such a study. Based on this approach,Hsu et al.6

and Cheng and Hsu7 developeda lumped-parametermodel to deter-
mine theeffectivestagnantthermalconductivityof two-dimensional
and three-dimensionalmonodispersed porous media with periodic
structures. The methods and models used for the determination of
thermal conductivityof monodispersedporous media have recently
been reviewed by Cheng and Hsu.7

Most recently, a great deal of attention has been given to study
the bidispersed porous media that have been used as wicks in heat
pipes.The bidispersedporous structure,as shown in Fig. 1a, is com-
posed of clusters that are agglomerated by small particles. In this
bidispersed porous medium, there are micropores and macropores
within and between the clusters of particles, respectively.Figure 1b
is an image of the bidispersed porous medium at magni� cation of
50. In Fig. 1b, the clusters are in white and the pores are in black,
which show that they have disordered structures. Chen et al.8 ana-
lyzed the thermal conductivity of a bidispersed porous medium by
assuming that the medium in the microlevel (within the cluster) and
in the macrolevel (between clusters) consists of spatially periodic
porous cubes, both of which were modeled as three-dimensional
touching cubes. They applied the lumped-parametermodel6 to ob-
tain the followingexpressionfor thedimensionlesseffectivethermal
conductivityof the bidispersed porous medium:
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a)

b)

Fig. 1 Top view of a bidispersed medium: a) schematic of the bidis-
persed porous medium and b) image photograph of the bidispersed
porous medium at magni� cation of 50, white are solid clusters and the
black are pores (or � uid).

a) Cluster–cluster system

b) Particle–particle system

Fig. 2 Unit cell for the lumped parameter method8: , particles or
clusters and , � uid.

with °a D lc=ac and °c D cc=lc , where `c and ac are the geometric
lengths,and cc is the contact length of the clusters (at the macroscale
level) (see Fig 2a). The quantity kC

e;c in Eq. (1) is the dimensionless
thermal conductivityof the particles(at the microscalelevel), which
is given by
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where ¯ D ks =k f is the ratio of thermal conductivity, °a1 D l=a is
the ratio of geometrical length scale for a particle, and °c1 D c=l is
the ratio of contact l ength scale for a particle (see Fig. 2b). The total
porosity of the bidispersed porous media is given by
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where Ác is the porosity within the microporous cubes (clusters),
which is given by
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Chen et al.8 found that the predicted thermal conductivity from
Eqs. (1–4) is in good agreement with their experimental measure-
ments.

The disordered nature of the micropores inside the clusters and
macropores between clusters in bidispersed porous media suggests
that the fractal theory9¡15 may be used to predict properties of a
bidispersed porous medium. In a recent paper, Yu and Cheng15 de-
veloped a fractal permeability model for bidispersed porous media
and found that their model predictions are in good agreement with
experimental data.

In this work, we focusour attentionon developinga fractalmodel
for the effective thermal conductivity of the bidispersed porous
media. The proposed fractal models are compared with both the
lumped-parameter model and experimental data. This paper is or-
ganized as follows. Section II provides a brief introduction of the
fractal theory, which is the basis of the present model. Section III
introducesthe fractal descriptionof the microstructuresof the bidis-
persed porous media based on which a fractal thermal conductivity
model is derived in Sec. IV. The results and discussion are given in
Sec. V. Section VI summarizes the � ndings of this work.

II. Basic Fractal Theory
Euclidean geometry describes ordered objects such as points,

curves, surfaces, and cubes using integer dimensions 0, 1, 2, and 3,
respectively.Associatedwith each dimensionis a measureof the ob-
ject such as the length of a line, the area of a surface,and the volume
of a cube.The measuresare invariantwith respect to the unit of mea-
surement used. However, numerous objects found in nature,9 such
as rough surfaces, coast lines, mountains, rivers, lakes, and islands,
are disordered and irregular, and they do not follow the Euclidean
descriptiondue to the scale-dependentmeasuresof length,area, and
volume.Theseobjectsare calledfractals,and thedimensionsof such
objects are nonintegral,which are de� ned as fractal dimensions.9;10

The measure of a fractal object, M(L), is related to the length scale
L through a scaling law in the form of

M .L/ » L D f (5)

where M can be the lengthof a line, the area of a surface, the volume
of a cube, or the mass of an object, and D f is the fractal dimension
of an object. Equation (5) implies the property of self-similarity,
which means that the value of D f from Eq. (5) keepsconstantover a
rangeof lengthscales L. The geometrystructuressuch as Sierpinski
gasket, Sierpinski carpet, and Koch curve are the examples of the
exact self-similar fractals, which exhibit the self-similarity over an
in� nite range of length scales.9;10 However, the exactly self-similar
fractals in a global sense are rarely found in nature. Many objects
found in nature (such as the coast lines of islands) are not exactly
self-similar, they are statistically self-similar. These objects exhibit
the self-similarity in some average sense and over a certain local
range of length scales L . The fractal dimension D f used in this
paper is referred to both the statistical and the exact fractals.

III. Fractal Characterization of Microstructures
of the Bidispersed Porous Media

As shown in Fig. 1, a bidispersedporous medium contains many
clusters formed by particle agglomeration. There are two types of
pores: macropores (on the order of 10¡3 m) between clusters and
micropores (on the order of 10¡5 m) between particles inside each
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a) Side view of the bidispersed
porous medium

b) Typical chain of particles

c) Idealized cross section of a
mixed chain

d) Cross section of the real chain

Fig. 3 Proposed fractal model for bidispersed porous media: , par-
ticles or clusters and , � uids.

cluster.When a bidispersedporousmediumis saturatedwith a � uid,
such as resin or other materials, the � uid � lls both the micro- and
macropores. Both types of pores form irregular and tortuous pore
channels, which are called capillaries.

We now apply a fractal analysis based on the unit cell concept
to study the thermal conductivity of bidispersed porous media. As
shown in Fig. 3a, some particles and clusters contact each other to
form irregular and tortuous chains, and others do not touch each
other. These irregular and tortuous pore channels (capillaries) and
particle and cluster chains are very similar to coast lines. Thus, they
exhibit the fractal behavior given by

L t .¸/=L0 D .L0=¸/DT ¡ 1 (6)

where DT is the tortuosity fractal dimension (with 1 < DT < 2) rep-
resenting the extent of convolutedness of capillary pathways for
� uid � ow through a porous medium. DT D 1 represents a straight
capillary path or a straight chain of particles (or clusters), and a
higher value of DT corresponds to a highly tortuous capillary (or
chain). In the limiting case of DT D 2, we have a tortuous line so
irregular that it � lls an entire plane.16 Note that Eq. (6) diverges as
¸ ! 0, which is one of the properties of fractal lines.10 In Eq. (6),
¸ is the size of a capillary or a chain in the medium, and L t .¸/ is
its tortuous length. Because of the tortuous nature of the capillary
or chain, L t .¸/ ¸ L0 , where L0 is the representative length. Thus,
L t .¸/ D L0 means a straight capillary or chain (see Fig. 3b).

The tortuosityof a capillary pathway or chain is similar to the tri-
adic Koch teragon (see Ref. 9), which satis� es L."/ D "1¡D [where
L."/ is the length of the triadic Koch teragon whose sides are of
length "], and this formula is identical with Richardson’s empirical
law relative to the coast of Britain (see Ref. 9). Equation (6) is also
similar to the fractalscalingrelationshipfor analysisof dispersionin
a single fractal streamtube.16 It is also one of the fractal scaling laws
characterizing the fractal properties of the bidispersed porous me-
dia. Besides the convolutednessof the capillarypathways or chains,
the number of capillary pathways or chains with the size of ¸ is an
another important property. The number of capillary pathways or
chains should follow the following scaling law:

N .L ¸ ¸/ D .¸max=¸/D f (7)

where D f , the same fractal dimension17¡19 as de� ned in Eq. (5),
is the area fractal dimension of a cross section normal to the heat
(or � uid) � ow direction with 1 < D f < 2. Equation (7) shows that
the number of pores or chains becomes in� nite as ¸ ! 0, which is
one of propertiesof fractalplanes.9 Equation (7) denotes the scaling
relationship of the cumulative pore (or chain) population in a cross
section. It is analogous to the cumulative size distributionof islands
on the Earth’s surface that follows the power law N .A > a/ » a¡D=2

(Ref. 9), where N is the total number of islands of area A greater
than a, and D is the fractal dimension of the surface.Equation (7) is
also identical with the power law relation N .A ¸ a/ D .amax=a/D=2

describing the contact spots on engineering surfaces.12

The number of pores (or chains) of sizes lying between ¸ and
¸ C d¸ can be obtained by differentiatingEq. (7) to give

¡dN D D f

µ
d.¸=¸max/

.¸=¸max/D f C 1

¶
(8)

The negative sign in Eq. (8) implies that the pore (or chain) number
decreases with the increase of pore (or chain) size. Equations (5–8)
form the basis of the present fractal thermal conductivity model,
which will be derived in the next section.

IV. Fractal Thermal Conductivity Model
for Bidispersed Porous Media

Model 1

In this section, a fractal model for thermal conductivityof bidis-
persedporousmedia is derivedanalytically.Figure 3a is a schematic
of the bidispersed porous medium. It can be seen from Fig. 3a that
in a bidispersedporous medium, some particles(or clusters) contact
each other to form chains, whereas others do not touch each other
(nontouching). These two con� gurationsof particles (or clusters) in
a bidispersed medium should be included in the model. We further
assume in this model that heat conduction is one dimensional in
the unit cell and that the heat � ow lines approximately follow the
chains. Figure 3b shows the schematic of a chain of particles (or
clusters), with a total length of L t .¸/ that is greater than L0, the
representative length. The zigzig shape of a chain is similar to the
fractal coast lines or fractal streamtubes, which follow Eq. (6). We
refer to a mixed chain, which consists of particles (or clusters) and
the � uid enclosing these particles (or clusters). Figure 3c shows an
idealizedcross sectionof a chain: a circularparticle (or cluster) with
annular � uid. However, in reality, the particles (or clusters) may not
be circular in shape, as shown in Fig. 3d, and the area and shape
of cross section of each mixed chain may be different. We assume
that the area distribution of cross section of mixed chains follows
the same fractal power law as in Eq. (7). The thermal resistance
of the mixed chains and nontouching particles (or clusters) can be
considered to be in parallel, which can be expressed as

1=Rt D 1=Rn C 1=Rmc (9)

The effective thermal conductivityof the system can be obtainedby

ke D
1
Rt

L0

A
D

1
Rn

L0

A
C

1
Rmc

L0

A
D

1
Rn

L0

An

An

A
C

1
Rmc

L0

A

D
An

A
ke;n C

³
1 ¡

An

A

´
ke;mc (10)

where A is the total area of a representative cross section and An

is an equivalent area of a cross section having the same porosity as
the nontouchingparticles or clusters,with 0 · An=A · 1. For a unit
cell consistingof two-dimensionalnontouchingparticles,Hsu et al.6

obtained the following expression for its thermal conductivity:

ke;n D k f

¡
1 ¡

p
1 ¡ Á

¢
C

k f

p
1 ¡ Á

1 C .1=¯ ¡ 1/
p

1 ¡ Á
(11)



YU AND CHENG 25

which will be used in connectionwith the � rst term at the right-hand
side of Eq. (10).

Now we focus our attention on the derivation of the effective
thermal conductivityke;mc, which appears at the second term of the
right-hand side of Eq. (10). We assume that the contact resistance
between particles is only along the heat � ow direction. For this
purpose, Fig. 2a is adopted as a simpli� ed model for the mixed
chain in the direction perpendicular to the heat � ow.

If the cube particle (or cluster) model is assumed and there is
no heat conduction in the lateral direction, we obtain the following
expression for the resistance of a cube particle:
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where °a1 D l=a, ° 0
a1 D a=¸, and °c1 D c=l represent the geometric

length scale ratio and contact length scale ratio at the microscale
within a cluster, respectively (see Fig. 2b). For a mixed chain of
a length L t .¸/, the number of particles for each chain is L t .¸/=a;
thus, the resistance of each chain can be obtained as
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To obtain the value of ° 0
a1.D a=¸/ in Eqs. (12) and (13), we refer

to Fig. 4a, which is a simpli� ed cross section of a mixed chain of
particle.Note that the microporositywithin a cluster Ác is given by

Ác D .¸2 ¡ a2/=¸2 D 1 ¡ .a=¸/2 (14a)

Solving this equation for ° 0
a1.D a=¸/, we have

° 0
a1 D a=¸ D

p
1 ¡ Ác (14b)

a) For a particle

b) For a cluster

Fig. 4 Schematic of cross section of the mixed chains: , � uid; ,
particle; and , cluster.

a) Triangular model b) Square model

Fig. 5 Possible con� gurations of particles.

The values of microporositywithin a cluster Ác dependson how the
particles are packed. Figures 5a and 5b show two possible con� gu-
rations of particles in a cluster. The porosities for the two con� gu-
rations of particles are Ác D 1 ¡ ¼=2

p
3 and 1 ¡ ¼=4, respectively,

that is, 0:09 < Ác < 0:2 in a cluster.
In the interval¸ and ¸ C d¸, there are the parallelchainsof (¡dN )

that satisfy Eq. (8). Their resistance is (¡dN=Rc ), and the total
resistance of the mixed chains in a unit cell is

1
R mc

D ¡
Z

dN

Rc

(15)

InsertingEqs. (6), (8), and (14) into Eqs. (13) and (15), we obtain the
dimensionless effective thermal conductivity of the parallel chains
in a unit cell:
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where ¸2
max=A is the ratio of the maximum area of cross section of a

mixed chain to the representativearea A and ¸max=L0 is the ratio of
the maximum diameter of cross section of a mixed chain to the rep-
resentative length L0 along the heat � ow direction. The integration
of Eq. (15) is performed over the entire range of chain sizes from
¸min D 0 to ¸max under the assumption of ¸min ¿ ¸max . To obtain the
analyticalexpression,we take the averaged° 0

a1[D
p

.1 ¡ Ác/] in the
precedingintegration.CombiningEqs. (10), (11), and (16), we have
the fractal effective thermal conductivityexpression for a cluster in
the dimensionless form as
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where Ác is the porosity in a cluster and is given by Eq. (4).
When a similar method is applied, the effective thermal conduc-

tivity of bidispersed porous media can be obtained by



26 YU AND CHENG

kC
e D

An

A

"
¡
1 ¡

p
1 ¡ Á

¢
C

p
1 ¡ Á

1 C
¡
1
¯

kC
e;c ¡ 1

¢p
1 ¡ Á

#

C
³

1 ¡
An

A

´
¸2

max

A

³
¸max

L0

´DT ¡ 1
D f

1 C DT ¡ D f

£

(

1

,"
°a=° 0

a

kC
e;c° 0

a C 2.1 ¡ ° 0
a/

C .1 ¡ °a/

° 2
c ° 0 2

a

¡
kC

e;c ¡ 1
¢¯

° 2
a C 1

#)

(18)

where °a D lc=ac and °c D cc=lc are the geometric length scale ratio
and contact length scale ratio at the macroscale for clusters in a
bidispersed medium, respectively (see Fig. 2a). Because of the sta-
tistically self-similarity existing in the micro- and macrostructures,
the same values of ¸2

max=A, ¸max=L0, DT , and D f used in Eqs. (17)
and (18) are assumed in this model. In Eq. (18), ° 0

a is given by

° 0
a D ac=¸ D

p
.1 ¡ Á/=.1 ¡ Ác/ (19a)

Accordingto Fig. 4b, theaveragedporosityof a bidispersedmedium
is given by

Á D
£¡

¸2 ¡ a2
c

¢
C a2

c Ác

¤¯
¸2 (19b)

In this model, we assume that the fractaldimension D f of the area of
cross section of the mixed chains is the same as the solid (or cluster)
area fractal dimension,which can be estimated by the box-counting
method.15

The algorithm for the determination of the thermal conductivity
of a bidispersed porous medium is summarized as follows:

1) Given a porosity Á and the ratio of Ác=Á, we can � nd the
microporosity Ác in clusters and obtain the fractal dimension D f

and DT from the box-countingmethod.
2) Estimate the value of °c1 and � nd °a1 from Eq. (4).
3) Estimate the value of °c and � nd °a from Eq. (3).
4) The valuesof ° 0

a1 and ° 0
a are computed from Eqs. (14) and (19),

respectively.
5) The value of ¯ can be computed if thermal conductivities of

the solid and � uid phases are known.
6) Estimate the values of An=A, ¸2

max=A, and ¸max=L0, and � nd
the thermal conductivity kC

e;c of a cluster from Eq. (17).
7) Find the thermal conductivityfor a bidispersedporousmedium

from Eq. (18).
Because the microstructure of a bidispersed porous medium is

very complex, the ratios An=A, ¸2
max=A, ¸max=L0 , °c1, and °c can

not be determined analytically,and they can only be determinedex-
perimentally.Once thesevalueshavebeendetermined,the proposed
fractal thermal conductivity model can be used to � nd the thermal
conductivityof a bidispersed porous medium.

In this model, D f D 2 corresponds to the situation in which a
cross section is totally occupied by the mixed chains, and the effect
of nontouchingparticles (or clusters) on the thermal conductivity is
negligible, which will result in the very high thermal conductivity.
However, note that in this model D f D 2 does not imply that the
solid volume fraction of the medium is 1 because the solid volume
fractionof eachchainisnotunity,althoughthecrosssectionis totally
occupied by the mixed chains as D f D 2, as shown in Fig. 6a. This
means that, as D f D 2, the porosity of a medium can be any value
of 0 · Á · 1. Figure 6b shows that D f < 2 as a cross section is not
totally occupied by the mixed chains, and it is clearly shown that
the porosity of the medium in this case is also less than 1. If and
only if the porosity is equal to zero or the solid volume fraction is 1,
the thermal conductivity can reach the maximum value (as ¯ > 1).
However, there is no quantitative relationship between the fractal
dimension D f and the solid volume fraction Vs in this model. In the
next section we present a simpli� ed model, in which a quantitative
relationship between the fractal dimension and the solid volume
fraction is presented.

a) b)

Fig. 6 Area fractal dimension and porosity for model 1: , � uid; ,
solid; and , non-touching particles or clusters.

Model 2: Simpli� ed Model

In this simpli� ed model, we assume that there is no � uid laterally
enclosing the particle in the particle/cluster chains (see Figs. 4a and
4b) and that lateral contact resistanceis neglected.This is equivalent
to setting ° 0

a1 D a=¸ D 1 in Eq. (14b) and ° 0
a D ac=¸ D 1 in Eq. (18).

Thus, Eqs. (17) and (18) become
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respectively. Because the � uid lateral to the chains is not included
in the solid (particle or cluster) chains in this model, it is possible
to � nd the quantitative relationship between the fractal dimension
and the porosity (or solid volume fraction).

For the present bidispersed media, we can also choose the equi-
lateral triangleunit cell (as shown in Figs. 7a and 7b), which has the
effective porosity given by

Á D
£
.A ¡ ¼r 2=2/ C Ác¼r 2

¯
2
¤¯

A (22)

where A and r are the total area of the unit cell and radius of a
cluster. Solving Eq. (22) for A gives

A D 1
2 ¼r 2[.1 ¡ Ác/=.1 ¡ Á/] (23a)

which can be written in the following dimensionless form:

AC D 1
2
dC2[.1 ¡ Ác/=.1 ¡ Á/] (23b)

where AC D A=.¼d2
0 =4/ anddC D 2r=d0 with d0 being theminimum

diameter of a particle.
It is known that the Sierpinski gasket (as shown in Fig. 7c)

is an exact self-similarity fractal geometry with the (shaded
area) fractal dimension of D f D 3= 2 D 1:585 (3 D 2D f )
(Ref. 9). However, the Sierpinski gasket is only the special
case (L D 2) of Sierpinski-type gaskets.20 Figures 7d–7f demon-
strate the Sierpinski-type gaskets with L D 3, 5, and 6, re-
spectively, and the shaded (solid) area fractal dimensions are
D f D 6= 3 D 1:631 (6 D L D f D 3D f ), D f D 12= 5 D 1:544
(12 D L D f D 5D f ), and D f D 15= 6 D 1:511 (15 D L D f D 6D f ),
respectively. The Sierpinski-type gaskets and their constructions
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a) b) c)

d) e) f)

Fig. 7 Sierpinski gasket model for the bidispersed porous medium: a)
microstructure of particles, b) macrostructure of clusters, c) Sierpinski
gasket with L = 2, d) Sierpinski-typegasket with L = 3, e) Sierpinski-type
gasket with L = 5, and f) Sierpinski-type gasket with L = 6.

are given by Yu and Yao.20 In this paper, the Sierpinski-type gas-
ket model is applied to simulate the present bidispersed porous
media. However, this does not imply that there are quantitative
relationships between the Sierpinski-type gaskets and the current
bidispersed porous media for the thermal conductivity. Examining
Figs. 7a–7f, we can � nd the approximate self-similarity existing in
the macrostructurebetweenclustersand the microstructurebetween
particles inside clusters. This suggests that the Sierpinski-typegas-
ket model can be used to simulate bidispersedporous media. There-
fore, the total solid(shaded)area for theunit cell, as shownin Fig. 7b,
can be approximately calculated by

As D .LC/D f (24)

where LC D L=d0 and As is the dimensionlessarea. It follows from
Eq. (24) that

D f D As

¯
LC (25)

If the unit cell is covered with a dense or compact substance (such
as solid cooper), the fractal dimension for the substance will be 2.
For example, if Fig. 7e is completely covered with solid, its volume
fraction is 1, and the solid area fractal dimension is 2 (25D 5D f ,
and so D f D 2). The solid volume fraction of the unit cell can be
expressed as

Vs D As

¯
AC D 1 ¡ Á (26)

where the total area of the unit cell can be written as

AC D LC2
(27)

or

LC D
p

AC D dC
p

.1 ¡ Ác/=2Vs (28)

Combining Eqs. (25–28) yields

D f D 2 C
Vs£

dC
p

.1 ¡ Ác/=2Vs

¤ (29)

Equation (29) reveals that the area fractal dimension is a functionof
microporosity, solid volume fraction, and the ratio of the averaged
cluster size to the minimum particle size. Equation (29) shows that
D f D 2 for Vs D 1 and vice versa.This is consistentwith thephysical
situation. If we set Ác D 0, Eq. (29) can be reduced to

D f D 2 C
Vs¡

dC
p

1=2Vs

¢ (30)

which can be used to describe the fractal dimension of a monodis-
persed porous medium.

V. Results and Discussion
It may be recalled that the present fractal thermal conductivity

models are based on the fundamentalrelationshipbetween the num-
ber of cumulative cross sections of mixed chains and area sizes,
given by Eq. (7). The existence of the scaling relationship in actual
microstructures is shown in Fig. 8, which was obtained by the box-
counting method.15 Figure 8 shows a log– log plot of the cumulative
number of areas of solid, N .L ¸ ¸/ » ¸. The fractal dimensions,
D f D 1:74 and 1:73, are obtained by the box-counting method for
the bidispersed porous media with the porosity of 0.52 and 54, re-
spectively. It is seen that the number of cumulative areas of cross
section of the mixed chains decreases as the chain size ¸ increases.
The data follow a linear relationshipon the logarithmicscale,which
con� rms the statistical fractal nature of the microstructures of the
bidispersed porous media. Note that, although the Sierpinski gas-
ket model is applied to establish the relationship between the frac-
tal dimension and solid volume fraction of the bidispersed porous
medium in this paper, it cannot be applied to obtain the thermal
conductivityof the bidispersed porous media.

Figure 9 shows that when the relative cluster size dC D 18, the
best � t to the data from the box-countingmethod is obtained. With
the value of dC D 24, the relative errors between the box-counting
method and the theoretical predictions from Eq. (29) are about 1%.
This means that the ratio of the minimum particle size to the max-
imum cluster size is about 4–5%. Figure 9 also indicates that the
smaller the relative cluster size dC is, the lower the fractal dimen-
sion. The reason is that, when the cluster becomes smaller at � xed
solid volume fraction Vs , the total area AC also becomes smaller.
This leads to the decrease of the total solid area As at � xed Vs and
results in the decrease of the solid area fractal dimension. From
Fig. 9, it can also be seen that the solid area fractal dimensions will
approach its possible maximum value of 2 as the solid volume frac-
tion reaches the valueof 1. This is what is expectedand is consistent
with the actual physical situation, which veri� es the present fractal
dimension model.

Fig. 8 Scaling relationship between the number of cumulative areas
of cross section of chains and chain sizes from the box-countingmethod.
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Fig. 9 Comparison of the fractal dimension vs the solid volume frac-
tion and cluster size.

Figure 10 shows a comparison of the effects of the tortuosity di-
mension DT , the area fractal dimension D f , and the porosity on the
predicted thermal conductivities based on the simpli� ed model 2.
Figure 10a shows the thermal conductivityvariation with the tortu-
osity dimension DT , at a � xed area dimension of D f D 1:74 and a
� xed porosity Á D 0:52. It is seen that the thermal conductivityde-
creases as DT increases.The decrease in thermal conductivitywith
the increase in DT is attributed to the increased heat resistance due
to the higher convoluted chains (the higher the tortuosity dimen-
sion, the higher the resistance). Figure 10b shows that the thermal
conductivity increases with the fractal dimension D f at � xed DT

and porosity. The reason is that an increase in D f corresponds to
the increase of area consisting of mixed chains [see also Eq. (5)],
which results in the increaseof the thermal conductivity.Figure 10c
shows the effect of the porosity on the thermal conductivity at the
� xed D f and DT . It is seen that the thermal conductivityincreasesas
the porosity decreases. This can be interpreted as when the poros-
ity decreases, the solid volume fraction increases, which leads to
the increase of the thermal conductivity as ¯ > 1. The opposite re-
sults exist as ¯ < 1 (see Fig. 10c). This is exactly what is expected.
Similar results hold for model 1.

Figure 11 shows a comparison of the existing experimental
data4;21 on the thermal conductivitiesof monodispersedporous me-
dia at a porosity of 0.38 (Vs D 0:62) with the predicted values based
on the presentfractalmodels1 and2 given,respectively,byEqs. (17)
and (20), with the parameters D f D 1:80 (estimated from Fig. 9),
DT D 1:2, An=A D 0:7, ¸max=L0 D 0:2, °c1 D 0:13 (same value as
that used by Hsu et al.6), °c D 0:13 (estimated), and ¸2

max=A D 0:12
for model1 and¸2

max=A D 0:10 formodel2. The results from theHsu
et al. model6 givenby Eq. (2) for a monodispersedporousmedium at
Á D 0:38 and °c1 D 0:13 are also shown in Fig. 11 for comparison.
It is seen that the thermal conductivitiesof a monodispersedporous
medium predicted by the two fractal models are in good agreement
with each other. For 10 < ¯ < 5000, the fractal models are slightly
higher than the experimental data4;21 and the Hsu et al. model,6

and for ¯ < 1, the predictions from the present fractal models are
lower than those predicted by the Hsu et al. model as well as the
experimental data.

Figure 12 is a comparisonof the present fractalmodels 1 and 2 for
bidispersedporous media at the porosityof 0.52, given by Eqs. (18)
and (21), respectively. The Chen et al. model given by Eq. (1) and
their experimental data8 are also presented for comparison pur-
poses. The computationswere based on the values of Ác=Á D 0:342,
°c1 D 0:53, and °c D 0:37 taken from Ref. 8, with the parameters
An=A D 0:7, ¸max=L0 D 0:2, and DT D 1:12.We used¸2

max=A D 0:27
for model 1 and ¸2

max=A D 0:20 for model 2. From Fig. 12, it is seen
that the predicted thermal conductivites of a bidispersed porous
medium based on fractal models 1 and 2 are also in good agree-
ment with those predicted from the Chen et al. model, as well as
with their experimental data.8 Because no other experimental data
on the thermal conductivityof bidispersed porous media are avail-

a)

b)

c)

Fig. 10 Effect of parameters on the thermal conductivities: a) ther-
mal conductivity vs the tortuosity fractal dimension at Df = 1:74 and
Á = 0:52, b) thermal conductivity vs the area fractal dimension at
DT = 1:30 and Á = 0:52, and c) thermal conductivity vs the porosity at
DT = 1:30 and Df = 1:74.

able, only the Chen et al. data8 for bidispersed porous media are
presented for comparison. From Figs. 11 and 12, we can conclude
that the thermal conductivitiespredictedby the two fractal models 1
and 2 are almost the same; thus, the assumption used for model 2
regarding no � uid laterally enclosing the particles is justi� ed. This
also implies that the lateral heat conductivityhas little in� uence on
total heat � ow and, hence, also justi� es the assumption that contact
resistance is mainly along the heat � ow direction and that heat con-
duction/contact resistance in the lateral direction is not signi� cant.

Note that we used ¸2
max=A D 0:27 for model 1, which is higher

than that the value of 0.20 for model 2 at the porosity of 0.52.
This is because the chains are coated with � uid in model 1, which
makes the area of the cross section of each chain greater than that
in model 2, in which the chains are not coated (or surrounded) by
� uid. The same reason is applicable for the lower porosity of 0.38,
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Fig. 11 Comparison among the Hsu et al. model, present fractal mod-
els 1 and 2 (Df = 1:80), and other investigators’ experimental data for
monodispersed porous media.

Fig. 12 Comparison among the present fractal models 1 and 2
(Df = 1:74), the Chen et al. model,8 and experimental data8 for bidis-
persed porous media.

for which ¸2
max=A D 0:12 and ¸2

max=A D 0:10 are used for models 1
and 2, respectively. Theoretically, the tortuosity fractal dimension
DT can be also determined by the box-counting method similar to
those of obtaining the area fractal dimension D f . However, because
the clusters in the samples containedvery small copperparticles that
disappeared after polishing, the tortuosity fractal dimension DT of
the structures of samples cannot be measured by the box-counting
method, and only estimated value of DT was provided.

Finally, note the differences between the present fractal model
and the Chen et al. model8 given by Eqs. (1) and (2). In the Chen
et al. model, particles or clusters of uniform size with a periodic
structure and three-dimensionalcontact resistancesare assumed. In
the present fractalmodel, the particlesor clustersare not of the same
size, and one-dimensionalcontact resistance is assumed to be along
the heat � ow direction only. Although the current fractal model and
the lumped-parameter model given by Eqs. (1–4) give almost the
same satisfactory results compared with the experimental data, the
present fractal model is more realistic for the random or disordered
media. This is becauseporousmedia consistingof uniformparticles
or clusters with a periodic structure are rarely found in nature. This
paperpresents a preliminaryfractal analysisof the effectivethermal
conductivity for bidispersed porous media. However, estimation of
the parameters such as the ratios An=A, ¸2

max=A, and ¸max=L0 is not
an easy task.

VI. Conclusions
Two fractal thermal conductivitymodels are derivedbased on the

fractal characteristics of the microstructures of bidispersed porous
media and on the electrical analogy technique.The proposedfractal

thermal conductivity models are a function of the tortuosity frac-
tal dimension, area fractal dimension, porosity, and ratios of areas,
length scale, and contact length. The two fractal models are sepa-
rately compared with both the lumped-parametermodel and exper-
imental data, and good agreement is found among them. The fractal
modelsmay beparticularlyusefulfor the randomporousmedia with
nonuniform particles or clusters.

Note that we have assumed one-dimensionalheat conduction in
the unit cell, and the heat � ow lines approximatelyfollow the chains
for simplicity purposes in this paper. In reality, the lateral heat con-
duction, that is, two-dimensional heat conduction, should be con-
sidered for a better modeling. This aspect of the problem will be
considered in our future work.
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